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A newly developed code, implemented as a part of the MBN Explorer pack-
age [1, 2] to simulate trajectories of an ultra-relativistic projectile in a crystalline
medium, is presented. The motion of a projectile is treated classically by integrat-
ing the relativistic equations of motion with account for the interaction between the
projectile and crystal atoms. The probabilistic element is introduced by a random
choice of transverse coordinates and velocities of the projectile at the crystal entrance
as well as by accounting for the random positions of the atoms due to thermal vi-
brations. The simulated trajectories are used for numerical analysis of the emitted
radiation. Initial approbation and verification of the code have been carried out by
simulating the trajectories and calculating the radiation emitted by ε = 6.7 GeV and
ε = 855 MeV electrons and positrons in oriented Si(110) crystal and in amorphous
silicon. The calculated spectra are compared with the experimental data and with
predictions of the Bethe-Heitler theory for the amorphous environment.
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3I. INTRODUCTION
In this paper we describe a new code for numerical simulation of trajectories of ultra-
relativistic electrons and positrons in crystalline media. The code is implemented as a part
(a module) of the MBN Explorer package [1, 2]. The channeling motion of 855 MeV and
6.7 GeV electrons and positrons in straight Si(110) crystal has been modeled by means of
the code and accompanied by calculations of the spectrum of emitted radiation.
The basic effect of the channeling process in a straight single crystal is in an anomalously
large distance which a particle can penetrate moving along a crystallographic plane (planar
channeling) or an axis (axial channeling) and experiencing the collective action of the elec-
trostatic field of the lattice ions [3]. The field is repulsive for positively charged particles and,
therefore, they are steered into the interatomic region, while negatively charged projectiles
move in the close vicinity of ion strings or planes. Having introduced the continuum poten-
tial approximation for the interaction of energetic projectiles and lattice atoms, Lindhard [3]
demonstrated that a charged projectile can move through the crystal following a particular
crystallographic direction if the incident angle is less than some critical value.
Under certain conditions [4, 5] the guidance of channeled particles persists even if a
crystal is bent. In this case, the particle deviates from its initial direction of motion due to
extremely strong electrostatic field in the crystal. The field strength is typically of the order
of 1010 V/cm which is equivalent to the magnetic field of approximately 3000 T. Therefore,
bent crystal can steer particles much more effectively than any existing dipole magnet.
We refer to papers [3, 6–11] which contain comprehensive reviews of theoretical and
experimental achievements in the investigation of the channeling effect in straight and bent
crystals as well of various related phenomena and applications [12].
Recently, the concept of a crystalline undulator (CU) was formulated for producing
undulator-like electromagnetic radiation in the hundreds of keV up to the MeV photon
energy range [13, 14]. In a CU, a beam of ultra-relativistic charged particles undergoes
channeling in a periodically bent crystal. As a result, in addition to a well-known channel-
ing radiation [15], there appears the radiation due to the undulating motion of channeling
particles which follow the periodic bending of crystallographic planes. The intensity and
characteristic frequencies of the CU radiation can be varied by changing the type of chan-
neling particles, the beam energy, the crystal type and the parameters of periodic bending.
4Initially, it was proposed to use positron beams in CU [13, 14]. More recently, the feasibility
of an electron-based CU has been demonstrated [16]. The underlying fundamental physical
ideas as well as the theoretical, experimental and technological advances made during the
last one and a half decade in exploring various features of CUs and the emitted radiation
can be found in a recently published book [17].
Several experimental attempts were made [18, 19] or planned to be made [20] to detect
the radiation from a positron-based CU. So far, the attempts have not been successful due
to various reasons [17, 20]. However, quite recently the first signatures showing evidence
for the CU radiation were experimentally observed for 195–855 MeV electrons at the Mainz
Microtron (Germany) facility [21, 22]. The CUs, used in the experiment, were manufactured
in Aarhus University (Denmark) using the molecular beam epitaxy technology to produce
strained-layer Si1−xGex superlattices with varying germanium content [23–25]. Another set
of experiments with diamond CUs is scheduled for the year 2013 at the SLAC facility (USA)
with 10. . . 20 GeV electron beam [26].
Theoretical support of ongoing and future experiments as well as accumulation of nu-
merical data on channeling and radiative processes of ultra-relativistic projectiles in crystals
of various content and structure must be based on an accurate procedure which allows one
to simulate the trajectories corresponding to the channeling and non-channeling regimes.
The procedure must include a rigorous description of the particle motion and an efficient
algorithm of its numerical realization. It is strongly desirable to make the procedure as
much universal and model-independent as possible. The universality implies applicability
of the same code to simulate trajectories of various projectiles (positively and negatively
charged, light and heavy) in an arbitrary scattering medium, either structured (straight,
bent and periodically crystals, superlattices, nanotubes etc) or amorphous (solids, liquids).
The term “model-independent” implies that the only allowed parameters are those which
describe pairwise interactions (force-fields) of the projectile with constituent atoms.
The existing codes, capable to simulate channeling process, do not comply in full with
the aforementioned conditions. Some of them [27–31] are based on the concept of the
continuous potential [3]. This approximation, being adequate in describing the channeling
motion, becomes less accurate and more model-dependent when accounting for uncorrelated
scattering events. The accurate description of the latter is essential for a quantitative analysis
of the dechanneling and rechanneling processes. Other group of the channeling codes [32–
535] utilizes the scheme of binary collisions which assumes that the motion of a projectile at
all times is influenced by the force due to the nearest atom. Computer facilities available
at present allow one to go beyond this limitation and to account for the interaction with
larger number of the crystal atoms. Such an extension of the binary collisions algorithm
was implemented in the recent code for electron channeling [36, 37]. The code, however,
was based on the specific model for electron–atom scattering which results in a noticeable
overestimation of the mean scattering angle. In more detail, this topic is addressed below
in the paper.
To simulate propagation of particles through media, the channeling process in particular,
one can utilize approaches and algorithms used in modern molecular dynamics (MD) codes
(a comparative review of codes can be found elsewhere [1]). The latter allow one to model the
dynamics of various molecular system by efficient numerical integration of classical equations
of motion for all atoms in the system. The interaction between atoms is implemented in
terms of interatomic potentials, the types and parameters of which can be chosen from a
broad range to ensure the most adequate quantitative description of the simulated molecular
system. From this viewpoint, the MD concept can be applied to describe the motion of a
single projectile in the static field of atoms which constitute a scattering medium.
However, to the best of our knowledge, no MD-based computer codes exist at present that
would permit simulation of the channeling phenomenon with atomistic resolution. This is
mainly due to the following two reasons. First, the charged projectile particles travel through
the crystal in an ultra-relativistic regime, and, therefore, their translocation should be mod-
eled with relativistic equations of motion, which are typically not implemented in standard
MD codes. Second, the channeling phenomenon involves mesoscopically large crystals, being
µm-mm-cm in length, which cannot be handled using all-atom MD approach. To study the
channeling phenomenon, we, therefore, have built a new MD-based code that goes beyond
the aforementioned drawbacks. For this purpose we have used a recently developed MBN
Explorer software package [1, 2] and endowed it with additional functionality. MBN
Explorer was originally developed as a universal computer program to allow investiga-
tion of structure and dynamics of molecular systems of different origin on spatial scales
ranging from nanometers and beyond [38–46]. The general and universal design of MBN
Explorer code allowed us to expand it’s basic functionality with introducing a module
that treats classical relativistic equations of motion and generates the crystalline environ-
6ment dynamically in the course of particle propagation. This module, combined with the
variety of interatomic potentials implemented in MBN Explorer, makes the program a
unique tool for studying relativistic phenomena in various environments, such as crystals,
amorphous bodies, biological medium. Below in the paper we introduce the key concepts
and modifications done in MBN Explorer.
The channeling module, implemented currently in MBN Explorer, aims at efficient
and reliable simulations of channeling of ultra-relativistic projectiles in crystalline media.
Verification of the code against available experimental data as well as against predictions of
other theoretical models is a compulsory part of our studies. We have selected benchmark
experimental values 6.7 GeV and 855 MeV for the energy of projectile electrons and positrons
to simulate the trajectories and to calculate spectral distribution of the emitted radiation
for two distinct environments: Si (110) crystalline medium and amorphous Si. The results
of calculations for the 6.7 GeV particles are compared with the experimentally measured
spectra [32, 47]. For amorphous silicon the numerical results are validated against predictions
of the Bethe-Heitler theory.
The paper is organized as follows. In section II we present the description of algorithms
used to simulate the channeling process with MBN Explorer (IIA) and to calculate
the emission spectrum (IIB). Numerical results obtained for 6.7 GeV and 855 MeV elec-
tron/positron channeling and emission spectra are discussed in section III. Concluding
remarks are summarized in section IV. The paper has two appendices. In Appendix A we
evaluate the accuracy of the model proposed earlier [36, 37] for an ultra-relativistic electron–
atom collision. A collection of formulae related to the description of the bremsstrahlung pro-
cess within the framework of the Bethe-Heitler approximation is presented in Appendix B.
II. DESCRIPTION OF THE ALGORITHM
To perform 3D simulation of the propagation of ultra-relativistic projectiles through a
crystalline medium by means of MBN Explorer the following two additional features
were to be added to the molecular dynamic algorithms used in the package [1]. The first
feature concerns the implementation and integration of the relativistic equations of motion.
The second one is the dynamic generation of the crystalline medium. In more detail, these
features are described in section IIA below.
7The calculated dependencies of the coordinates r = r(t) and velocities v = v(t) of the
projectile on time are used as the input data to generate the spectral and/or the spectral-
angular distributions of the emitted radiation. These calculations are performed by means
of the Fortran code (which is not a part of MBN Explorer) built upon the revisited
algorithm described earlier [24, 30]. The basic formalism is summarized below in section
IIB.
A. Simulations of the Channeling Process within MBN Explorer
Within the framework of relativistic classical mechanics[48] the motion of an ultra-
relativistic projectile of the charge q and mass m in an external electrostatic field E(r)
is subject to the relativistic equations of motion which can be written in the canonical form

p˙ = qE
r˙ = v
. (1)
A dot above a letter denotes differentiation with respect to time. The momentum p
written in terms of velocity reads p = mγv where γ stands for the Lorentz factor γ =
(1− v2/c2)−1/2 = ε/mc2 with ε being the projectile energy.
The differential equations (1) are to be integrated for t ≥ 0 using the initial values of
the coordinates (x0, y0, z0) and the velocity components (vx0, vy0, vz0) of the particle. To
ensure an accurate numerical integration the fourth-order Runge-Kutta scheme has been
implemented.
In application to the particle motion in a scattering medium (a crystal, in particular),
the important issue is an accurate and efficient computation of the electrostatic field due to
the medium atoms. In the current version of the channeling module of MBN Explorer
the electrostatic potential U(r) is represented as a sum of atomic potentials Uat
U(r) =
∑
j
Uat (ρj)
∣∣∣
ρj=r−Rj
, (2)
where Rj stands for the position vector of the j-th atom. The force acting on the projectile
at point r is calculated as F = qE(r) = −q∇rU(r) .
A number of approximate methods have been developed to construct simple analytical
representations of atomic potentials (see, for example, Ch. 9.1 in Ref. [8]). All these
8schemes can be straightforwardly added to the library of pairwise potentials used in MBN
Explorer. The current version of the package utilized the widely used Molie`re approx-
imation [49] as well as more recent approximation suggested by Pacios [50]. For further
referencing let us reproduce the Molie`re formula for the electrostatic potential of a neutral
atom:
UM(ρ) =
Ze
ρ
χ(ρ), χ(ρ) =
3∑
j=1
αj e
−βjρ/aTF , (3)
where Z is the atomic number. The Thomas-Fermi radius aTF is related to the Bohr radius
a0 via aTF = 0.8853Z
−1/3 a0. The coefficients in the screening function χ(ρ) read as: α1,2,3 =
(0.35; 0.55; 0.1) (so that
∑3
j=1 αj = 1) and β1,2,3 = (0.3; 1.2; 6.0).
In recent studies [36, 37] another model for an ultra-relativistic projectile–atom inter-
action was suggested. The underlying idea of the model is that due to high speed of the
projectile the interaction interval is short enough to substitute the atom with its “snapshot”
in which the atomic electrons are seen as point-like charges distributed around the nucleus.
In Appendix A we demonstrate that such a “snapshot” approximation overestimates the
mean scattering angle in a single projectile–atom collision.
Formally, the sum in Eq. (2) is carried out over all atoms of the sample. Taking into
account that Uat (ρj) decreases rapidly at the distances ρj ≫ aTF from the nucleus, one can
introduce the cutoff ρmax above which the contribution of Uat (ρj) is negligible. Therefore,
for given observation point r the sum can be restricted to those atoms which are located
inside the sphere of the radius ρmax. To facilitate the search for such atoms the linked cell
algorithm, implemented in MBN Explorer, is employed. The algorithm implies (i) a
subdivision of the sample into cubic cells of a smaller size, and (ii) an assignment of each
atom to a certain cell. Choosing the cell size equal to ρmax one restricts the sum to those
atoms from the cell containing the observation point and from the 26 neighbouring cells
which lie inside the cutoff sphere. As a result, the total number of computational operations
can be reduced considerably.
The described scheme is used to calculate the force qE acting on the projectile at each
integration step in (1). In section III we present the results of simulation of the channeling
process of ultra-relativistic electrons and positrons in crystalline silicon. In this case we
used ρmax = 5 A˚ which enters Eq. (3), and for a Si atom is to be compared to the value
aTF = 0.194 A˚. The lattice constant of a cubic Bravais cell of a silicon crystal is 5.43 A˚.
9FIG. 1. The crystalline structure is generated inside the simulation box with the dimensions Lx,y,z
along the chosen coordinate axes. The z-axis is aligned with the incident beam direction and is
parallel to the crystallographic plane along which the channeling is to be simulated. The y-axis
is perpendicular to the plane. The lattice nodes are generated in accordance with Eq. (4). At
the entrance the x and y coordinates of the particle are randomly chosen to lie in the central
part of the (xy) plane (the highlighted rectangle with the sides ∆x,∆y). The initial velocity v0 is
predominantly oriented along z. See also explanations in the text.
Each unit cell contains eight atoms. Therefore, at each integration step the sum on Eq. (2)
was carried out on average for over 30 atoms.
To simulate the channeling motion along a particular crystallographic plane with Miller
indices (klm) the following algorithm has been used.
As a first step, a crystalline lattice is generated inside the simulation box (parallelepiped)
of the size Lx×Ly×Lz illustrated in Fig. 1. The z-axis is oriented along the beam direction
and is parallel to the (klm) plane. To avoid the axial channeling (when not desired) the
z-axis must not be collinear with major crystallographic axes. The y-axis is perpendicular
to the plane. The position vectors of the nodes are generated according to the rule:
R
(0)
i (kx, ky, kz) = T(kx, ky, kz) +Pi ≡ kxax + kyay + kzez +Pi, i = 1, 2, . . . , n . (4)
Here, ax,y,z are the lattice vectors and kx,y,z are integers. Thus, the transition vector
T(kx, ky, kz) defines the position of a unit cell. The vector Pi = κixax + κiyay + κizaz
with κix,y,z ∈ [0, 1] defines the position of the i-th node (out of the total number n) in the
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unit cell.
To illustrate the latter step, let us consider a diamond-type lattice which describes dia-
mond, silicon and germanium crystals. In this case the three vectors ax,y,z, being orthogonal,
are of the same length a which defines the lattice constant. Its values (at T = 300 K) for
diamond, Si and Ge are 3.567, 5.431 and 5.646 A˚, respectively. Each unit cell contains 8
atoms, the position vectors of which are
P1 = (0, 0, 0)a, P2 =
(
0, 1
2
, 1
2
)
a, P3 =
(
1
2
, 0, 1
2
)
a, P4 =
(
1
2
, 1
2
, 0
)
a,
P5 =
(
1
4
, 1
4
, 1
4
)
a, P6 =
(
1
4
, 3
4
, 3
4
)
a, P7 =
(
3
4
, 1
4
, 3
4
)
a, P8 =
(
3
4
, 3
4
, 1
4
)
a .
(5)
Once the position vectors R
(0)
j (j = 1, 2, . . . , N) for all nodes inside the simulation box
are defined, the position vectors Rj = R
(0)
j +∆j of the atomic nuclei are generated. This is
done with account for the thermal vibrations which result in random displacement ∆j from
the nodal positions. Each component of ∆j is normally distributed
w(∆jk) =
1√
2piu2T
exp
(
−
∆2jk
2u2T
)
, k = x, y, z. (6)
Here uT is the root-mean-square amplitude of thermal vibrations. The numerical results for
a Si crystal presented below in section III were obtained for uT = 0.075 A˚ which corresponds
to the room temperature [6].
Integration of the equations of motion, Eqs. (1), starts at t = 0 when the particle “enters”
the crystal at z = 0. The initial coordinates x0 and y0 are randomly chosen to be lying in
the central part of the (xy)-plane of the sizes ∆x = 2d, ∆y = d where d is the interplanar
distance for the (klm) planes, see Fig. 1. The initial velocity v0 = (v0x, v0y, v0z) is predom-
inantly oriented along z, i.e. the conditions v0z ≈ c ≫ v0x, v0y are implied. The transverse
components v0x, v0y can be chosen with account for the beam emittance.
To simulate the propagation of a particle through a crystal of finite thickness L a new
type of boundary conditions, the so-called “dynamic simulation box”, has been implemented
in MBN Explorer. This algorithm, illustrated in Fig. 2, implies the following.
The projectile moves within the simulation box interacting with the atoms lying inside
the cutoff sphere. To optimize the numerical procedure the lengths Lx,y,z are chosen to be
larger than ρmax by a factor of 3 . . . 5. Once the distance l from the projectile to the nearest
face becomes “nearly” equal to ρmax a new simulation box of the same size is generated
with its geometrical center coinciding (approximately) with the position of the projectile.
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FIG. 2. Illustration of the dynamic simulation box algorithm. When an X-marked projectile ap-
proaches the face of the initial simulation box (left panel) by a distance l ≈ ρmax a new simulation
box of the same size is generated (right panel) with the particle placed approximately in its geo-
metrical center. The position of the atoms (small shadowed circles) located in the intersection of
the old and the new boxes are not changed. In the rest part of the new box the atomic positions
are generated anew as described in the text.
To avoid spurious change in the force qE acting on the projectile the positions of the atoms
located in the intersection of the old and the new simulation boxes are not changed. In the
rest part of the new box the positions of atomic nuclei are generated following the scheme
described through Eqs. (4) and (6). The simulation is interrupted when the z coordinate of
the particle becomes equal to the crystal thickness L.
Using the described algorithm we have simulated a number of trajectories for electrons
and positrons of the energies ε = 855 MeV and 6.7 GeV moving along the (110) planes in
straight silicon crystals. The obtained results are presented and discussed in more detail in
section III. The motion in the amorphous silicon has been also simulated. For doing this it is
necessary to avoid incidental alignment of the initial velocity v0 with major crystallographic
directions. We used this regime to calculate the spectral and spectral-angular distribution
of the incoherent bremsstrahlung.
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B. Quasi-Classical Formalism for the Radiated Energy
In many cases, the motion of an ultra-relativistic particle, moving in an external field,
can be treated within the framework of classical mechanics. The applicability of the classical
description is subject to the condition that the relative variation of the de Broglie wavelength
λB = h/p of the projectile must be small over the distances of the order of λB. This condition,
written in terms of the maximum gradient U ′max of the external field, reads: m~U
′
max/p
3 ≪ 1,
where m and p ≈ ε/c are projectile’s mass and momentum. Taking into account that
U ′max ∼ 10
1 . . . 102 GeV/cm for a planar crystalline potential and by approximately an order
of magnitude higher for an axial potential[8], one demonstrates that the condition is well-
fulfilled for projectile positrons and electrons with ε ∼ 102 MeV and higher.
The process of photon emission can be treated classically provided the photon energy is
small compared to ε: ~ω/ε→ 0.
If both of the aforementioned conditions are met, one can calculate the spectral-angular
distribution the radiated energy using the standard formulae of classical electrodynamics
[51, 52].
The main drawback of the classical framework is that it does not allow a self-consistent
description of the radiative recoil, i.e. the change of the projectile energy due to the photon
emission. As a result, purely classical description fails when the ratio ~ω/ε is not infinitesi-
mally small.
An adequate approach to the radiation emission by ultra-relativistic projectiles in the
(nearly) whole range of the photon energies was developed by Baier and Katkov in the late
1960th [53] and was called by the authors the “operator quasi-classical method”. The details
of the formalism, as well as its application to a variety of radiative processes, can be found
elsewhere [8, 54, 55].
A remarkable feature of this method is that it allows one to combine the classical de-
scription of the motion in an external field and the quantum effect of radiative recoil.
The classical description of the motion is valid provided the characteristic energy of
the projectile in an external field, ε˜0, is much less than its total energy, ε = mγc
2. The
relation ε˜0/ε ∝ γ
−1 ≪ 1 is fully applicable in the case of an ultra-relativistic projectile.
The quasi-classical approach neglects the terms ε˜0/ε but explicitly takes into account the
quantum corrections due to the radiative recoil. The method is applicable in the whole range
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t=−∞
t=+∞
t=0
t=τ≈L/c
L
z
v0=const
vτ=const
FIG. 3. A trajectory of the ultra-relativistic particle (v ≈ c) which experiences the action of the
external field within the scattering medium of the thickness L. Before entering the medium, i.e.
within the time interval t < 0, and after leaving it at t = τ ≈ L/c the particle moves with constant
velocities along the straight lines. Inside the medium the motion is subject to the forces acting on
the particle.
of the emitted photon energies, except for the extreme high-energy tail of the spectrum
(ε− ~ω) /ε≪ 1.
Within the framework of Baier and Katkov quasi-classical formalism the energy radiated
within the cone dΩ = sin θdθ dφ by an ultra-relativistic particle moving along the trajectory
r = r(t) is written as
d2E
d(~ω) dΩ
= α
q2ω2
8pi2
∞∫
−∞
dt1
∞∫
−∞
dt2 e
iω′(ψ(t1)−ψ(t2))
[(
1 + (1 + u)2
)
(β1 · β2 − 1) +
u2
γ2
]
, (7)
where α = e2/~ c is the fine structure constant, q is the charge of a projectile in units of the
elementary charge, β1,2 = v(t1,2)/c denote the velocities, scaled by c, at time instants t1 and
t2. The phase function reads ψ(t) = t−n · r(t)/c where n is the unit vector in the direction
of the photon emission.
The quantities ω′ and u account for the radiative recoil:
ω′ = (1 + u)ω, u =
~ω
ε− ~ω
. (8)
In the classical limit u ≈ ~ω/ε → 0 and ω′ → ω, so that Eq. (7) reduces to the classical
formula [51, 52].
The trajectory of a particle which propagates through a crystalline or amorphous medium
of the thickness L can be divided into three segments, as illustrated in Fig. 3. Below the
following motion of the projectile will be considered.
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• Within the time intervals t = [−∞, 0] and t = [τ,∞] the projectile moves outside the
medium along the straight lines with constant velocities v0 and vτ , respectively. The
quantity τ is the time of flight through a spatial domain of thickness L. In the case
of ultra-relativistic projectile and assuming small scattering angle limit one estimates
the time of flight as τ ≈ L/c.
• During the interval t = [0, τ ] the particle experiences the action of the external field
and, as a result, moves along some non-linear trajectory defined by r = r(t).
Assuming the relativistic factor to satisfy a strong inequality γ ≫ 1, one expands the
phase function ψ(t) and the rest of integrand in (7) in powers of γ−1 retaining the dom-
inant non-vanishing terms. After some algebra[8, 17] one represents the spectral-angular
distribution in the following form, which is convenient for numerical evaluation:
d2E
~dω dΩ
= αq2ω2
(1 + u)(1 + ∆)
4pi2
[
∆ |Sz|
2
γ2(1 + ∆)
+ |sinφSx − cosφSy|
2
+ |θSz − cosφSx − sinφSy|
2
]
, (9)
where ∆ = u2/2(1 + u). The quantities Sx,y,z are defined as
Sz =
∞∫
−∞
dt eiω
′ψ(t) =
τ∫
0
dt eiω
′ψ(t) −
i
ω′
(
eiω
′ψ(0)
D0
−
eiω
′ψ(τ)
Dτ
)
, (10)
Sx,y =
∞∫
−∞
dt βx,y(t)e
iω′ψ(t) =
τ∫
0
dt βx,y(t)e
iω′ψ(t) −
i
ω′
(
β0x,y
eiω
′ψ(0)
D0
− βτx,y
eiω
′ψ(τ)
Dτ
)
, (11)
where D0,τ = 1− n · β0,τ .
The right-hand side of Eq. (9) is written in the limit of small emission angles θ≪ 1 with
respect to the initial velocity v0 which defines the z-direction, see Fig. 3. In this limit the
phase function ψ(t) reads as
ψ(t) = t− n·r(t)
c
≈ t−
(
1− θ
2
2
)
z
c
− θ x cosφ+y sinφ
c
. (12)
The non-integral terms on the right-hand sides of (10) and (11) are due to the motion
along the initial and final straight segments of the trajectory. Thus, within the framework
of quasi-classical approach, Eqs. (9)–(11) explicitly take into account the dependence of the
spectral-angular distribution on the thickness L of a scattering medium which enters the
formulae via the time-of-flight τ ≈ L/c.
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Numerical evaluation of the integral terms by means of any classical formula based on the
sequence of time instants t1 = 0, t2, t3, . . . , tN = τ is stable only when the following strong
inequality is met:
|ω∆ψ(t)| =
∣∣∣ω(ψ(t+∆t)− ψ(t))∣∣∣ ≈ ω
∣∣∣∣dψdt
∣∣∣∣∆t≪ 1 . (13)
Here ∆t = tj+1 − ti > 0 is the time step used for the integration over the interval [tj , tj+1].
In the limit of small emission and scattering angles the derivative dψ/dt can be trans-
formed and estimated as
dψ(t)
dt
= 1− n · β ≈
1
2γ2
+
1
2
(
θ2 + θ2
v
− 2θ θv cos(φ− φv)
)
≤
1
2
[
1
γ2
+ (θ + θv)
2
]
, (14)
where (θv, φv) are the scattering angles measured with respect to the initial velocity.
Hence, the step of numerical integration must be chosen to satisfy the condition
∆t≪
2γ2
ω
[
1 + γ2 (θ + θv)
2]−1 . (15)
III. NUMERICAL RESULTS
Channeling of charged particles in crystals is accompanied by the channeling radiation
[15]. This specific type of electromagnetic radiation arises due to the transverse motion of
the particle inside the channel under the action of the planar or axial field – the channeling
oscillations.
A considerable amount of experimental data has been accumulated during last decades
on the characteristics of channeling radiation emitted by GeV and multi-GeV electrons and
positrons in strong crystalline fields [10, 11, 32, 47, 56–63]. More recent activity includes
experiments with sub-GeV high-quality electron beam carried out at the MAinz MIcrotron
(MAMI) [20–22, 64, 65]. One of the goals of these ongoing experiments is to test theoretical
prediction on the feasibility of an electron-based crystalline undulator [16, 17].
The verification of the developed code against available experimental data as well as
against predictions of other theoretical models is an important part of our studies. To
this end, we have selected benchmark experimental values 6.7 GeV and 855 MeV for the
energy of projectile electrons and positrons. The projectile trajectories and the spectral
distribution of emitted radiation have been computed for (110) crystalline medium and for
amorphous Si. The results of calculations for the 6.7 GeV particles are presented in section
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FIG. 4. Channeling of 6.7 GeV positrons (left) and electrons (right) in a 105 µm thick silicon crystal.
The plots show typical trajectories of the particles initially collimated along Si(110) crystallographic
planes. Horizontal dashed lines indicate the planes separated by the distance d = 1.92 A˚.
IIIA and are compared with the experimentally measured spectra [32, 47]. For amorphous
silicon the numerical results are validated against predictions of the Bethe-Heitler theory (see
Appendix B). Section IIIB presents the results of calculations for ε = 855 MeV electrons
and positrons.
A. Results for 6.7 GeV electrons and positrons
For the Si(110) planar orientation, both positrons and electrons exhibit channeling motion
as it is illustrated in Fig. 4 by sets of typical simulated trajectories.
For positrons, noticeable are nearly harmonic oscillations between the neighbouring
planes. This is in accordance with a well-known result established within the framework
of the continuum model of channeling (see, e.g., Ref. [6]). Indeed, for a positively charged
projectile the interplanar potential can be approximated by parabola in most part of the
Si(110) channel. Therefore, the channeling oscillations are very close to the harmonic type.
Another feature of positron channeling through a L = 105 µm thick crystal is a small
number of the dechanneling events (the two examples presented in the figure were found in
forty randomly chosen trajectories). This is also not surprising if one compares the crystal
size with the dechanneling length Ld ≈ 0.4 mm for a 6.7 GeV positron in Si(110). The
latter value can be obtained using Eq. (1.50) from the book [9] with the correction for a
light projectile introduced later [30].
Much less regular are the channeling oscillations of electrons, see Fig. 4 (right). In con-
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trast to positrons, the electron trajectories exhibit a broader variety of features: channeling
motion, over-barrier motion, rechanneling process, rare events of hard collisions etc. First,
let us note that the dechanneling length of a 6.7 GeV electron in Si(110), estimated with the
help of Eq. (10.1) from the book [8], is Ld ≈ 130 µm. Therefore, it is not surprising that
a noticeable fraction of electrons, although channeling in close vicinity to the plane, stays
in the channeling mode from the entrance point up to the end of the crystal. The events of
rechanneling, i.e., capture to the channeling mode of an over-barrier particle, are quite com-
mon for electrons. Even the multiple rechanneling events are not rare. This phenomenon has
been already noted in recent simulations of the electron channeling [36] with a qualitative
explanation provided of the difference in the rechanneling rate for positively and negatively
charged projectiles. The conclusion drawn on the much lower rechanneling probability for
a positron than that for an electron is clearly illustrated by comparing the trajectories on
the left and right panels of the figure. Also it is worth noting a visible anharmonicity in
the channeling oscillations of electrons which is a direct consequence of a strong deviation
of the electron interplanar potential from a harmonic shape [32]. As a result, the period of
the oscillations varies with the amplitude.
The simulated trajectories were used to calculate spectral distribution of the emitted
radiation. The solid curves in Fig. 5 represent the dependencies dE/d(~ω) calculated for
6.7 GeV electrons and positrons aligned along Si(110) crystallographic plane at the crystal
entrance. Statistical uncertainties due to the finite number (≈ 500 in each case) of the
analyzed trajectories are indicated by the error bars (the confidence interval) which corre-
spond to the probability α = 0.999. The spectra were computed for a detector aperture of
θa = 0.35 mrad hinted by the description of the experiments [32, 47]. This value exceeds the
“natural” emission cone γ−1 by a factor of ≈ 5. Therefore, the calculated curves account
for nearly all emitted radiation.
First, we note that for both electrons and positrons the intensity of radiation in the
oriented crystal greatly exceeds (by more than an order of magnitude) that by the same
projectile in an amorphous medium. The latter is indicated by the dashed line and was
calculated within the framework of the Bethe-Heitler approach using Eqs. (B8) and (B9).
The enhancement is due to the contribution to dE/d(~ω) coming from the particles moving
along quasi-periodic channeling trajectories, which bear close resemblance with the undu-
lating motion. As a result, constructive interference of the waves emitted from different but
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FIG. 5. Radiation spectra from 6.7 GeV positrons and electrons (as indicated) channeling through
a 105 µm thick Si(110). Dashed black line shows the Bethe-Heitler spectrum in amorphous silicon.
The inset presents the spectra calculated for the simulated trajectories in amorphous Si. The solid
curves are drawn over ca 200 photon energy points in which the spectra were calculated. The
symbols (circles and rectangles) mark a small fraction of the points and are drawn to illustrate
typical statistical errors (due to a finite number of the simulated trajectories) in different parts of
the spectrum.
similar parts of the trajectory increases the intensity. For each value of the emission angle θ
the coherence effect is most pronounced for the radiation into harmonics, which frequencies
can be estimated as follows [8]:
ωn =
2γ2Ωch
1 + γ2θ2 +K2ch/2
n, n = 1, 2, 3, . . . , (16)
where Ωch is the frequency of channeling oscillations and K
2
ch = 2γ
2 〈v2⊥〉 /c
2 is the mean
square of the undulator parameter related to them. Within the framework of continuous
potential approximation, these quantities are dependent on the magnitude of the transverse
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energy which, in turn, determines the amplitude of oscillations. The only exception is the
harmonic potential for which Ωch is independent on the amplitude.
Different character of channeling by positrons and electrons results in differences in the
spectra of the channeling radiation.
The nearly perfect sine-like channeling trajectories of positrons lead to the emission spec-
trum close to that of the undulator radiation with K2 < 1 [66]. A pronounced peak in
the photon energy range 20 . . . 45 MeV is due to the emission in the fundamental harmonic
(n = 1). The maximum corresponds to the forward emission (θ = 0) and can be estimated
from (16) as ~ω ≈ 40 MeV. The second, less accented peak, corresponds to the emission in
the second harmonic.
In contrast, in the electron spectrum the undulator effect is completely smeared out due
to strong anharmonicity of the channeling trajectories.
In addition to the channeling spectra we have computed the spectra for amorphous Si
medium. For doing this, the trajectories of electrons and positrons were simulated for
a random orientation of the crystal with the care taken to avoid major crystallographic
directions along the beam axis. The spectral-angular distributions of the simulated radiation
were integrated over θa = 0.4 mrad aperture. The calculated spectra are compared in the
inset of Fig. 5. Remarkably, the spectra produced by positrons and electrons in amorphous
Si appeared to practically coincide with each other and to agree quite well with the Bethe-
Heitler result. We consider this agreement as indicating the reliability of our numerical
simulations. As known (see, for example, Section 7 in Ref. [67]), the emission spectrum in
a randomly oriented crystal contains a coherent part in addition to the Bethe-Heitler term
which characterized which characterized the incoherent bremsstrahlung in an amorphous
medium. Therefore, some discrepancy, seen in the inset, between the calculated dependencies
and the Bethe-Heitler values can be attributed to the contribution of the coherent term.
By normalizing the channeling spectral intensities to the Bethe-Heitler values, the en-
hancement spectral factors can be obtained for the channeling radiation by the positrons
and electrons. These factors were computed using two sets of the simulated trajectories for
each of the projectiles. The first set, discussed above, corresponds to the case when the
velocity of a projectile at the crystal entrance is parallel to Si(110) plane, i.e., the incident
angle ψ is zero. The second set of the trajectories was simulated allowing the incident
angle to be uniformly distributed within the interval [−ψL, ψL] with ψL = 62 µrad being
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FIG. 6. Enhancement factor of the channeling radiation over the Bethe-Heitler spectrum. The
left and right plots are for the positrons and electrons, respectively. Open circles stand for the
experimental data [32]. Solid curves correspond to the calculations shown in Fig. 5 and correspond
to the zero incident angle, ψ = 0. Dashed curves correspond to the calculations with the incident
angle lying within ψ = [−ψL, ψL] with ψL = 62 µrad (see also explanation in the text). The curves
are drawn over ca. 200 photon energy points in which the spectra were calculated. The symbols
mark a small fraction of the points and are drawn to illustrate typical statistical errors (due to a
finite number of the simulated trajectories) in different parts of the spectrum.
Lindhard’s planar critical value calculated in accordance with Eq. (1) from the paper [32].
The calculated enhancement factors are compared in Fig. 6 with the experimental results
[32] for 6.7 GeV projectiles [68]. The open circles stand for the experimental data obtained by
digitizing Fig. 12 from the cited paper. The solid and dashed curves represent the calculated
dependencies for the two sets of trajectories as indicated in the caption. Fig. 6 demonstrates
that the results of simulation reproduce rather well the shape of the spectra and, in the case
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of the positron channeling, the positions of the main and the secondary peaks. With respect
to the absolute values both calculated spectra, ψ = 0 and |ψ| ≤ ψL, exhibit some deviations
from the measured dependencies.
For positrons, the curve with ψ = 0 perfectly matches the experimental data in vicinity
of the main peak but underestimates the measured yield of the higher harmonics. Increasing
the incident angle results in some overestimation of the main maximum but improves the
agreement above ~ω = 40 MeV. For electrons, the ψ = 0 curve exceeds the measured values,
however, the increase in ψ leads to a very good agreement if one takes into account the
statistical errors of the calculated dependence.
The aforementioned deviations can be due to several reasons. Modeling a crystalline
field as a superposition of the atomic fields described by the Molie`re potentials can lead
to intrinsic errors. Though the Molie`re approximation is a well established and efficient
approach, more realistic schemes for the crystalline fields, based, for example, on X-ray
scattering factors [69, 70], can also be employed for the channeling simulations.
Another source of the discrepancies can be attributed to some uncertainties in the exper-
imental set-up described elsewhere [32, 47]. In particular, it was indicated that the incident
angles were in the interval [−ψL, ψL] with the value ψL = 62 µrad for a 6.7 GeV projectile.
However, no clear details were provided on the beam emittance which becomes an important
factor for comparing theory vs experiment. In our calculations we used a uniform distri-
bution of the particles within the indicated interval of ψ, and this is also a source of the
uncertainties. We have also simulated the spectra for larger cutoff angle equal to 2ψL (these
curves are not presented in the figure). It resulted in a considerable (≈ 30 %) decrease
of the positron spectrum in the vicinity of the first harmonic peak. However, a rigorous
simulation of the emittance properties requires additional substantial computational efforts
and we reserve its implementation for future studies.
On the basis of the comparison with the experimental data we conclude that our code
produces reliable results and can be further used to simulate the propagation of ultra-
relativistic projectiles along with the emitted radiation.
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B. Results for 855 MeV electrons and positrons
Another relevant benchmark for our simulations are the channeling properties of 855
MeV electrons and positrons in Si(110) that have been addressed in previous theoretical
[36, 37] and experimental [20–22, 64, 65] studies. To this end, we have performed extensive
calculations of the particles trajectories and the emitted radiation spectra formed in L = 50
µm and 150 µm crystalline and amorphous silicon.
For propagation along the Si(110) crystallographic plane, qualitative character of the
electron and positron trajectories was observed to be the same as for 6.7 GeV projectiles
discussed in the previous section. For this reason we do not present the illustrative figure
with the simulated trajectories. The dechanneling length of a 855 MeV positron, estimated
as described above, is Ld ≈ 570 µm. Therefore, most of the positrons traverse the crystals in
the channeling mode. However, the considered crystal lengths were large enough to deduce
quantitative information on the electron dechanneling lengths and to compare the result
with the previous studies [36, 64].
To determine the electron dechanneling length each simulated trajectory (of a total num-
ber ≈ 3000) was analyzed with respect to comprising segments of the channeling motion.
The particle was considered to be in the channeling mode if it crossed the channel mid-plane
at least three times, i.e. completed one full oscillation between the channel boundaries. Not
all the particles become captured into the channeling mode at the crystal entrance. The
fraction A of the accepted electrons was found to be ≈ 0.65 of the total number of the
incident particles. For the accepted particles the following two penetration depths Lp were
calculated. The first one, Lp1 = 11.69± 0.64 µm was found as a mean value of the primary
channeling segments, which started at the entrance and lasted till the dechanneling point
somewhere inside the crystal. Generally speaking, this quantity is dependent on the angu-
lar distribution of the particles at the entrance. The cited value of Lp1 was obtained for
a zero-emittance beam collimated initially along the (110) planar direction. Thus, it was
meaningful to calculate another penetration depth, Lp2, defined as a mean value of all chan-
neling segments, including those which appear due to the rechanneling. In the rechanneling
process an electron is captured into the channeling mode having, statistically, an arbitrary
value of the incident angle ψ not greater than Lindhard’s critical angle. Therefore, Lp2
mimics the penetration depth of the beam with a non-zero emittance ≈ ψL. The calculated
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value Lp2 = 10.9±0.3 µm turned out to be not much smaller than Lp1, especially taking into
account statistical uncertainties. The decrease of the confidence interval for Lp2 is related
to the increase in the number of the channeling events (approximately by a factor of 3.5)
due to the rechanneling.
Either of the calculated quantities Lp1,2 can be used as an estimate of the dechanneling
length. In this connection, it is worth noting that the cited values are noticeably larger
than the dechanneling length 8.26 ± 0.08 µm calculated earlier [36]. This difference can
be attributed to a peculiar model used in the cited paper to describe the electron–atom
scattering. In Appendix A we demonstrate that the model overestimates the scattering
angle, leading, thus, to a decrease in the dechanneling length. On the other hand, the
presented values of Lp1,2 are smaller than Ld = 18 µm, obtained [64] within the framework
of the diffusion theory. The nature of this discrepancy is still to be understood.
For the sake of completeness, let us mention the results of similar analysis carried out for
855 MeV positron channeling in L = 150 µm Si(110) crystal. In this case, the acceptance
A = 0.98 is noticeably higher due to the repulsive character of positron–atom interaction
force, which steers the projectile away from the nuclei and decreases the rate of hard collision
events. As mentioned above, most of the positrons channel through the whole crystal.
Therefore, it is meaningful to calculate the penetration length due to the primary channeling
events only. The obtained value Lp1 = 133.8 ± 2.7 µm can be considered only as a lower
bound of the positron dechanneling length.
To quantify the channeling properties, we have also computed fractions of the channeling
particles versus penetration distance z. Two types of the fractions were considered: (i) for
the particles remaining in the same channel where to they were captured at the entrance;
(ii) for the particles which become trapped into any channel in the course of propagation due
to the rechanneling process. Both fractions were determined with respect to the numbers of
the particles accepted at the entrance, and, thereby, the dependencies start from the value
of one at z = 0.
The results of calculations are shown in Fig. 7. The fractions of channeling positrons
decrease very slow with z. In the case of electrons the decay is much more rapid. For
example, half of the primarily channeled electrons propagate till the distance z ≈ 9.14 µm,
and practically none of them channel up to z = 50 µm (see the left panel). The fractions
with account for the rechanneling are shown in the right panel of the figure. In the case of
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FIG. 7. Channeling fractions for 855 MeV positrons (solid lines) and electrons (dashed lines) in
Si(110) as functions of penetration depth. The left panel corresponds to the particles remaining in
the same channel starting the entrance point z = 0. The right panel presents the dependence on
z of the total number of particles moving in the channeling mode in any channel. The fractions
are determined with respect to the numbers of initially accepted particles. The increase of the
channeling fraction for electrons at small z, seen on the right panel, is due to the rechanneling
effect (see also explanation in the text).
positron channeling the rechanneling events are very rare, and, therefore, there is no visible
change in comparison with the behaviour of the primarily channeled fraction. For electrons,
on the contrary, the exponential decay is substituted with a much slower one. This effect
has been noted earlier[36] and it was shown that the fraction of the channeling particle
with account for the rechanneling decreases as ∝ z−1/2. To be noted is an increase of the
channeling fraction at small penetration depths, which is due to electrons captured into the
channeling mode right after the entrance point.
The electron and positron emission spectra calculated from the simulated trajectories in
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FIG. 8. Left plot: Spectra for 855 MeV positrons (solid line) and electrons (dashed line) passing
through a 50 µm thick Si(110) crystal. The inset shows the spectra produced in amorphous Si
and the Bethe-Heitler spectrum (dotted line). Right plot: Spectral enhancement of the channeling
radiation with respect to the Bethe-Heitler values.
L = 50 µm straight Si(110) crystals are shown on the left panel of Fig. 8. The spectra refer
to the maximum emission angle θ0 = 21 mrad in order to provide the benchmark results for
the experimental conditions at MAMI setup [71]. To test the accuracy of our approach the
spectra in amorphous Si were also computed and are presented in the inset being compared
the Bethe-Heitler spectrum of the elastic bremsstrahlung calculated using Eqs. (B6) and
(B9). Good agreement between the spectra produced in the amorphous medium allows us
to conclude that the channeling spectral simulations deliver reliable results.
On the right panel of Fig. 8, we present the enhancements of the radiation by positrons
and electrons in Si(110) with respect to the Bethe-Heitler calibration. We hope the theoret-
ical curves in this plot to be useful for the ongoing experimental studies [71].
IV. CONCLUSION AND OUTLOOK
We have described the newly developed code, which was implemented in the MBN Ex-
plorer package [1, 2] to simulate trajectories of an ultra-relativistic projectile in a crys-
talline medium. The description of the particle motion is given in classical terms by solving
the relativistic equations of motion which account for the interaction between the projectile
and the crystal atoms. The probabilistic element is introduced into the scheme by a random
choice of transverse coordinates and velocities of the projectile at the crystal entrance as well
as by accounting for the random positions of the crystal atoms due to thermal vibrations.
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The simulated trajectories can be used as the input data for numerical analysis of spectral-
angular and spectral distributions of the emitted electromagnetic radiation. The current
version of the channeling module of MBN Explorer and supplementary documentation
are available to users at the MBN Explorer website [2] upon registration and agreeing
with the license conditions.
Being a part of MBN Explorer the code takes advantage of particular algorithms,
implemented in the package, which facilitate numerical procedures. Additionally, the ap-
plicability of the code to different crystalline structures can be adjusted either by choosing
a proper interaction potential from a large variety of the potentials already included in
the package or, if necessary, by including a new potential. We would like to stress that
with minor modifications the code can be generalized further allowing one to simulate the
propagation of charged relativistic projectiles in various media, such as heterocrystalline
structures (including superlattices), bent and periodically bent crystals, amorphous solids,
liquids, nanotubes, fullerites, biological environment, and many more. In this connection it
is worth noting that MBN Explorer allows one to optimize the structure of a complex
molecular system. For example, it can be used to optimize the geometry of strained-layer
Si1−xGex superlattices produced in the molecular beam epitaxy laboratory of University of
Aarhus and used in the channeling experiments at the Mainz Microtron MAMI [21, 22].
Therefore, by means of the MBN Explorer package it is possible to generate a realistic
structure of the medium and to carry out the simulations of the trajectories.
Two case studies have been carried out for initial approbation and verification of the
code. Differing in the projectile energy, ε = 6.7 GeV and ε = 855 MeV, both case studies
refer to the simulation of trajectories and calculation of spectral distribution of the radiation
emitted by ultra-relativistic electrons and positrons moving in oriented Si(110) crystal and
in amorphous silicon.
For the incident energy 6.7 GeV the calculated spectra were compared with the available
experimental data for Si(110) [32, 47] and with predictions of the Bethe-Heitler theory for the
amorphous environment. For both projectiles a good agreement has been found between
theory and experiment. Coincidence of the simulated radiative spectra of electrons and
positrons with each other and with the Bethe-Heitler results provide additional indication
of the reliability of the code.
The case study of an ε = 855 MeV light projectile channeling in Si (110) is of interest in
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connection with the ongoing experiments with electron beams at Mainz Microtron [22] and
possible experiments with the positron beam [20]. By analyzing the simulated trajectories
we estimated the electron dechanneling length Ld independent on the angular distribution
of the beam particles at the entrance, as a mean value of all channeling segments. The
obtained result, 10.9 ± 0.3 µm, exceeds by approximately 30 per cent the value calculated
recently [36]. Apart from some difference in the definitions of the dechanneling length, this
discrepancy can be attributed to a specific model used in earlier studies [36] to describe
electron–atom elastic scattering. We have demonstrated that the model overestimates the
mean scattering angle, and, thus, underestimates the dechanneling length. On the other
hand, our estimate for Ld is lower than the reported experimental value [64]. To clarify
this discrepancy it will be instructive to compare the calculated enhancement factor of the
channeling radiation over the incoherent bremsstrahlung background with the corresponding
experimental data once it becomes available.
As a prime further step in application of the developed code, the simulation of trajectories
and calculations of spectral intensities of the radiation emitted in crystalline undulators
are to be performed and compared with the experimental results available for electrons of
various energies [22]. For the sake of comparison, the computations will be also carried out
for positrons. The results of this work, which is currently in progress, will be published
elsewhere.
We also plan to introduce several new features to the numerical algorithm described in
section II aiming to expand the range of applicability of both the code for the trajectories
simulations and the one for the spectrum calculation. In particular, the first equation
of motion (1) will be supplemented with the radiative damping force which allows us to
account for radiation energy losses of light projectiles in tens to hundreds GeV energy
range. Calculations of characteristics of the emitted radiation will be improved by including
a correction due to the density effect and by taking into account the contribution of the
transition radiation, formed at the crystal entrance, to the total emission spectrum.
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Appendix A: Classical Scattering of an Ultra-Relativistic Projectile from a
“Snapshot” Atom
The code for the simulation of the channeling of ultra-relativistic charged projectiles,
described in Refs. [36, 37], was based on the peculiar model of the elastic scattering of the
projectile from the crystal constituents. The model assumes that due to the high speed of
the projectile, its interaction interval with a crystal atom is short enough to substitute the
atom with its “snapshot” image: instead of the continuously distributed electron charge the
atomic electrons are treated as point-like charges placed at fixed positions around the nucleus
[72]. Next, the model implies that the interaction of an ultra-relativistic projectile with
each atomic constituent can be reduced to the classical Rutherford scattering. Scattering
events happen sequentially as the projectile flies by an atom. The projectile trajectory is
modeled by a piecewise linear curve the vertices of which correspond to the events. Between
two successive events the projectile moves with a constant velocity v. The change of the
transverse momentum ∆p⊥ in the event is calculated within the small scattering angle
approximation, i.e. as the integral of the impulse F⊥dt along the straight line aligned with
v (see, e.g., [73]). As a result, the total scattering angle θ acquired by the projectile of the
charge Zpe in the collision with a “snapshot” atom can be written in the following vector
form:
θS({rj}) =
Z+1∑
j=1
θj ≈
2Zpe
ε
Z+1∑
j=1
qj
ρj
ρ2j
, (A1)
where the subscript “S” stands for the “snapshot” atom, {rj} ≡ r1, r2, . . . , rZ are the position
vectors of Z atomic electrons. The sum is carried out over the atomic constituents: the
nucleus (the charge qj = Ze) and the electrons (qj = −e). For each constituent the index
j equals to the ordering number of the event in the sequence of all Z + 1 scattering events.
In the small-angle approximation the scattering angle in the jth collision with a point-like
charge qj is calculated as θj ≈ 2Zpeqj ρj/ερ
2
j , where ρj is the impact parameter and ρj is
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perpendicular to the projectile velocity v before the collision.
As it was noted in Ref. [36], the above procedure is approximate in a sense that it is
restricted to the limit of small scattering angles when |θj | ≪ 1 and |θS| ≪ 1. It was stated,
that in the opposite limit not only Eq. (A1) is not valid but also the “snapshot atom”
concept is wrong. However, the large angle scattering is not important for modeling the
channeling process. Therefore, one can rely on the described procedure provided it is valid
for the scattering angles smaller that Lindhard’s critical angle φL which is typically in the
submilliradian range for ultra-relativistic projectiles.
In what follows we demonstrate, that despite seeming credibility of the “snapshot” model
it noticeably overestimates the mean scattering angle in the process of elastic scattering.
Qualitatively, it is clear that substituting a “soft” electron cloud with a set of point-like
static electrons must lead to the increase of the scattering angle simply because each electron
acts as a charged scatterer of an infinite mass. As a result, the projectile experiences, on
average, harder collisions with electrons as compared to the case when they are continuously
distributed in the space.
To illustrate the above statement let us calculate the root-mean-square (r.m.s.) scattering
angle θS(b) =
√
〈θ2S〉 as a function of the initial impact parameter b with respect to the
nucleus and, then, compare the result with the dependence θM(b) obtained for the atom
treated in the Molie`re approximation.
The mean square scattering angle 〈θ2S〉 is calculated by averaging the square of the right-
hand side of Eq. (A1) over the ensemble of the “snapshot” atoms:
〈θ2S〉 =
1
N
N∑
a=1
θ2S({rj}a) ≈
(
2Zpe
ε
)2
1
N
N∑
a=1
(
Z+1∑
j=1
qaj
ρaj
ρ2aj
)2
(A2)
where the subscript a = 1, 2, . . . , N enumerates the atoms.
To construct a “snapshot” atom one has to randomly generate the position vectors
{rj}a ≡ ra1, ra2, . . . , raZ of its electrons. For doing this we follow the scheme described
in Ref. [36]. The scheme implies spherical symmetric distribution of the direction of the
position vectors whereas the distance rj from the nucleus for each atomic electron is found
by solving the equation:
χ(rj)− rjχ
′(rj) = ξj , (A3)
where χ(r) stands for the Molie`re screening function defined in (3) and ξj is a uniform
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FIG. 9. The ratio rU(r)/Z versus radial distance calculated for a silicon atom (Z = 14). The solid
curve corresponds to the electrostatic potential U(r) within the Molie`re approximation, Eq. (3).
The dots represent the dependencies obtained for the averaged potential 〈US〉 (r), Eq. (A4), with
the radial distance r measured along the x, y, z directions, as indicated. The averaging was carried
out for N = 750000 “snapshot” atoms. The vertical line marks the Thomas-Fermi radius of a Si
atom: aTF = 0.194 A˚= 0.367 a.u.
random deviate between 0 and 1. In the current work, we used the routine ran2 from Ref.
[74] to generate ξj.
It is noted in Ref. [36] that if the positions of the electrons are chosen as described above,
then the electrostatic potential US of an atom averaged over the ensemble of the “snapshot”
atoms reproduces the Molie`re potential:
〈US〉 (r) = lim
N→∞
1
N
N∑
a=1
(
Ze
r
− e
Z∑
j=1
1
|r− raj |
)
= UM(r) . (A4)
Figure (9) compares the dependencies rU(r)/Z calculated for a silicon atom within the
Molie`re approximation (solid line) and by means of the averaging procedure (A4) with
N = 750000. The circles correspond to the potential 〈US〉 (r) calculated for the radial
distances measured along three different spatial directions. The deviation of the simulated
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dependencies 〈US〉 (r) from the potential UM(r) is on the level of 0.1 % for r ≤ 2 a.u.≈ 6aTF
and increases up to 1 % for r & 5 a.u. Hence, we state that the averaging procedure (A4)
accompanied with the random generation of radial distances (A3) reproduces the Molie`re
potential quite accurately.
Despite the agreement in the electrostatic potential evaluation, the mean scattering angle
calculated within the “snapshot” model noticeably exceeds the scattering angle θM of an
ultra-relativistic projectile in collision with the Molie`re atom. In the small-angle limit [73]
one derives the following dependence of θM on the impact parameter b for projectile electron
or positron (|Zp| = 1):
θM(b) ≈
1
ε
∣∣∣∣
∫ ∞
−∞
F⊥ dz
∣∣∣∣ = 2e2Z bε
∫ ∞
0
χ(r)− rχ′(r)
r3
dz
∣∣∣∣
r=
√
b2+z2
=
2e2
ε
Z
aTF
3∑
j=1
αjβjK1
(
βj
b
aTF
)
(A5)
where K1(ζ) stands for the MacDonald function of the first order (see, e.g., [75]). For small
impact parameters, b≪ aTF, one utilizes the relation K1(ζ ≪ 1) ≈ ζ
−1 and derives θM(b≪
aTF) = 2Ze
2/ε b which is the scattering angle in the point Coulomb field of the charge Ze.
In the limit of large argument the MacDonald function behaves as K1(ζ) ∝ ξ
−1/2 exp(−ξ).
Therefore, the scattering angle θM(b) decreases exponentially for b≫ aTF.
In Fig. 10 we present the scattering angle vs the impact parameter for the collision
of a 855 MeV electron with a silicon atom. The calculations were performed within the
Molie`re approximation, Eq. (A5), and for a “snapshot” atom and by means of the averaging
procedure (A2) with N = 500000. For the sake of comparison, the dependence θ(b) =
2Ze2/ε b, which characterizes the scattering angle in the Coulomb field of the bare nucleus,
is also plotted.
For small impact parameters b≪ aTF, where the collisional process is mainly governed by
the interaction with the nucleus, all three approaches lead to the same dependence θ ∝ 1/b.
The deviation of the θS(b) curve from the Molie`re one becomes clearly visible b & aTF and
is steadily more pronounced with further increase of the impact parameter. For b≫ aTF the
slope of θS(b) is more point-Coulomb like rather than an exponential decrease exhibited by
the function θM(b) obtained for a short-range potential. Additionally, one can see random
jumps in the θS(b) dependence accompanied with large error bars. Both of these features,
– the Coulomb-like slope and random irregularities, can be easily understood. Indeed, as it
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FIG. 10. Scattering angle as a function of the impact parameter for a 855 MeV electron scattered
from a silicon atom (Z = 14). The solid curve corresponds dependence within the Molie`re approx-
imation, the dashed one – to that in the Coulomb field of the bare nucleus. The filled circles with
error bars stand for the r.m.s. θS(b) =
√
〈θ2S〉 calculated in the “snapshot” approximation, Eq.
(A2). The averaging was carried out for N = 500000 “snapshot” atoms. The vertical line marks
the Thomas-Fermi radius of a Si atom: aTF = 0.194 A˚= 0.367 a.u.
was already pointed out, the main drawback of the “snapshot” model is in the assumption
that not only the nucleus but also all atomic electrons are treated as motionless (and, thus,
infinitely heavy) point charges. Therefore, the recoil of the scatterer is fully ignored in the
collisional process of a projectile with any of the atomic constituents. Physically, it means
that, on average, the collisions become “harder” so that the r.m.s. scattering angle increases.
Simultaneously, random positioning of electrons in a “snapshot” atom may result very hard
scattering events even for the distances b≫ aTF. These events, although being rare, lead to
visible jumps and large uncertainties in the θS(b) values.
Despite the fact that the absolute values of the scattering angle for b > aTF are compar-
atively small, the deviation of θS(b) from θM(b) in this domain influences the mean square
angle 〈Θ2〉 for a single scattering. The latter quantity is very important in the multiple-
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scattering region, where there is a large succession of small-angle deflections symmetrically
distributed about the incident direction. The quantity 〈Θ2〉 is proportional to the following
integral (see, e.g., [52]): 〈Θ2〉 ∝
∫
θ2 dσ
dΩ
dΩ where dσ/dΩ stands for the cross section of
elastic scattering differential with respect to the scattering angle. Within the framework of
classical mechanics and in the limit of small scattering angles θ ≪ 1 the cross section reads
(see, e.g., [73]):
dσ
dΩ
≈
∣∣∣∣dbdθ
∣∣∣∣ b(θ)θ . (A6)
Using (A6) in the definition of 〈Θ2〉 one derives the following expression for the ratio of the
mean square angles obtained within the “snapshot” and the Molie`re approximations:
〈Θ2〉S
〈Θ2〉M
≈
∞∫
bmin
〈θ2S〉(b) b db
/ ∞∫
bmin
θ2M(b) b db . (A7)
To carry out the integrals one has to introduce a particular value of the cutoff impact
parameter bmin. For deducing the latter we point out the “snapshot” approximation was
introduced in Ref. [36] as a part of the code aimed at the adequate description of the
channeling process. From this end, the model must adequately describe the scattering
process at the distances b & aTF between the projectile and the crystal plane. Hence, it is
instructive to use aTF as the cutoff. Then, Eq. (A7) produces 〈Θ
2〉S/〈Θ
2〉M ≈ 2.5. Within
the diffusion theory of the dechanneling process (see, e.g., [9, 64]) the mean square angle
due to soft collisions defines the diffusion coefficient which, in turn, is proportional to the
dechanneling length Ld. In this context, the fact that the “snapshot” model overestimates
〈Θ2〉 for b & aTF explains the aforementioned discrepancy in the Ld values for 855 MeV
electrons in Si (110) calculated in Ref. [36] and in the current work, see Section IIIB.
Appendix B: The Bethe-Heitler Approximation: Collection of Formulae
In the elementary process of bremsstrahlung (BrS) a charged projectile emits a photon
being accelerated by the static field of a target (nucleus, ion, atom, etc).
For ultra-relativistic projectiles, the Bethe-Heitler (BH) approximation [76] (with various
corrections due to Bethe et al. [77, 78] and Tsai et al. [79]) is the simplest and the most
widely used one.
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For the sake of reference below in this Section we present the relevant formulae for the
case of ultra-relativistic electrons/positrons scattering from a neutral atom treated within
the Molie`re approximation [49].
Starting from Eq. (3.80) in Ref. [79], one can write the following formula for the cross
section differential with respect to the photon energy ~ω and to the emission angle Ω = (θ, φ)
(but integrated over the angles of the scattered electron):
d2σ
d(~ω)dΩ
=
4αr20
pi
γ2
~ω
{(
2− 2x+ x2 −
4(1− x)
1 + ξ
+
4(1− x)
(1 + ξ)2
)
F − 1 + ln(1 + ξ)
(1 + ξ)2
−Z(Z + 1)
(
1−
6
1 + ξ
+
6
(1 + ξ)2
)
1− x
(1 + ξ)2
}
. (B1)
Here α ≈ 1/137 is the fine structure constant, r0 = e
2/mc2 ≈ 2.818 × 10−13 cm is the
classical electron radius, x = ~ω/ε and ξ = (γθ)2. The factor F is defined by Eqs. (3.5),
(3.44) and (3.45) from Ref. [79]. In the ultra-relativistic limit (more exactly, for γ & 103) it
can be written as follows:
F = Z2
(
ln
184
Z1/3
− 1− f
(
αZ)2
))
+ Z
(
ln
1194
Z2/3
− 1
)
, (B2)
where the function f
(
(αZ)2
)
= (αZ)2
∑∞
n=1 [n
2 (n2 + (αZ)2)]
−1
(with ζ = αZ) is the
Coulomb correction to the first Born approximation worked out in Refs. [77, 78]. In the
limit (αZ)2 ≪ 1 the term f
(
(αZ)2
)
can be ignored. For example, for a Si atom (Z = 14)
f ((αZ)2) ≈ 0.0126≪ 1.
The term proportional to Z2 on the right-hand sides of (B1) and (B2) stands for the
contribution of the elastic BrS process in which the target atom does not change its state
during the collision. The terms ∝ Z are due to the inelastic BrS channels, when the atom
becomes excited or ionized.
To calculate the cross section of BrS radiated into the cone with the opening angle θ0 one
integrates Eq. (B1) over the emission angles θ = [0, θ0] and φ = [0, 2pi]. The result reads
dσ
d(~ω)
∣∣∣∣
θ≤θ0
=
dσ
d(~ω)
+
4αr20
~ω
{
Z(Z + 1)
(
1−
4
D0
+
26
9D20
)
1− x
D0
−
(
2− 2x+ x2 −
2(1− x)
D0
+
4(1− x)
3D20
)
F + lnD0
D0
}
, (B3)
with D0 = 1 + (γθ0)
2. In the limit of large emission angles when θ0 ≫ 1/γ the second term
on the right-hand side goes to zero. Therefore, the first term stands for the cross section
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differential in the photon energy but integrated over the whole range of the emission angles.
Its explicit expression is as follows (cf. Eq. (3.83) in Ref. [79]):
dσ
d(~ω)
=
∫ 2pi
0
dφ
∫ ∞
0
θ dθ
d2σ
d(~ω)dΩ
≈
4αr20
3~ω
(
(4− 4x+ 3x2)F + Z(Z + 1)
1− x
3
)
(B4)
To calculate the cross section of the elastic BrS one substitutes Z(Z + 1) → Z2 on the
right-hand sides of Eqs. (B1), (B3) and (B4) as well as ignores the last term in Eq. (B2).
The latter approximation leads to the following reduction:
F → Fel = Z
2
[
ln
184
Z1/3
− 1− f
(
(αZ)2
)]
. (B5)
Then, the single differential cross section of elastic BrS emitted within the cone 0 ≤ θ ≤ θ0
is given by:
dσel
d(~ω)
∣∣∣∣
θ≤θ0
=
dσel
d(~ω)
+ 4αr20
Z2
~ω
{
1− x
D0
(
1−
4
D0
+
26
9D20
)
−
(
2− 2x+ x2 −
2(1− x)
D0
+
4(1− x)
3D20
)
Fel + lnD0
Z2D0
}
, (B6)
where
dσel
d(~ω)
=
4αr20
3
Z2
~ω
[
(4− 4x+ 3x2)
Fel
Z2
+
1− x
3
]
(B7)
is the Bethe-Heitler spectrum of elastic BrS.
Within the framework of less accurate approximation, used frequently for quantitative
estimates (see, e.g., [32, 80]), one ignores the non-logarithmic terms in (B5):
Fel ≈ ln
184
Z1/3
. (B8)
In order to calculate the spectral-angular distribution of the radiated energy d2E/d(~ω)dΩ
in an amorphous target of the thickness L much less then the radiation length [81] one mul-
tiplies Eq. (B1) by the photon energy ~ω, by the volume density n of the target atoms and
by L:
d2E
d(~ω)dΩ
= nL ~ω
d2σ
d(~ω)dΩ
. (B9)
Spectral distribution dE/d(~ω)
∣∣∣
θ≤θ0
of the energy radiated within the cone θ ≤ θ0 is obtained
from (B9) by substituting the double differential cross section either with dσel/d(~ω)
∣∣∣
θ≤θ0
(for the total emitted energy) or with dσel/d(~ω)
∣∣∣
θ≤θ0
(if accounting for elastic BrS only).
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FIG. 11. Bethe-Heitler spectra of the energy dEel/d(~ω) radiated via the elastic BrS channel by
a ε = 855 MeV electron in amorphous silicon of the thickness 50 µm. Different curves correspond
to different values of the emission cone angle θ0 as indicated. The curve θ0 = pi rad stands for the
spectral distribution integrated over the whole range of the emission angles. The elastic BrS cross
section was calculated within the logarithmic approximation, see Eq. (B8).
For illustrative purposes in Fig. 11 we show the spectral distributions dEel/d(~ω)
∣∣∣
θ≤θ0
of
elastic BrS formed during the passage of a ε = 855 MeV electron through a 50 µm thick
amorphous silicon (n = 5 × 1022 cm−3). The curves were calculated for different values of
the emission cone angle as indicated. The value θ0 = 0.21 mrad corresponds to the limit of
small emission angles (γθ0)
2 ≪ 1 where γ−1 ≈ 6 × 10−3 for the indicated incident energy.
For each photon energy the magnitude of dEel/d(~ω)
∣∣∣
θ≤θ0
steadily increases with θ0 reaching
its upper limit at θ0 = pi which corresponds to the cross section integrated over the whole
range of the emission angle, see Eq. (B7).
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